ABSTRACT. A theorem of Chuaqui on the representation of equivalence relations by probability measures is applied to Borel isomorphism. Using a result of Cenzer and Mauldin, we show that under V = L, the isomorphism types of analytic sets cannot be linearly ordered.
REPRESENTATION OF BOREL ISOMORPHISM
ABSTRACT. A theorem of Chuaqui on the representation of equivalence relations by probability measures is applied to Borel isomorphism. Using a result of Cenzer and Mauldin, we show that under V = L, the isomorphism types of analytic sets cannot be linearly ordered.
Let X and Y be topological spaces. We indicate their Borel isomorphism types by t(X) and t(Y), writing t(X) < t(Y) in case there is a Borel-isomorphism of X onto a Borel subset of Y. The usual Cantor-Schroeder-Bernstein construction shows that < is a partial order on the class of all types [2, Theorem 2.5]. Given n -1,2,...,w and t = t(X), define nt = t(nX), where nX is the topological sum of n copies of X. Put sec(i) = {t(B): B Borel subset of X}.
Then sec(i), under <, is a partially ordered set with largest element t.
A topological space is Polish if it is separable and completely metrizable. If A and B are Borel subsets of a Polish space P, then t(A) = t(B) if and only if A and B have the same cardinality [5, 8.3.6] . It follows that for í = t(S), S an infinite Borel subset of P, we have t -wi.
A metric space is analytic if it is a continuous image of a Polish space. There is an analytic space U such that AN = sec(t(U)) contains the isomorphism types of all analytic spaces: U is a "universal" analytic set [5, 8.2 .16]. The structure of the poset (AN, <) has been the object of much study. See [1] for references.
Lusin [7] discovered that there are at least two uncountable analytic isomorphism types, viz. i(R) and t(U). Harrington and Steel [6, 8] showed that there are exactly two if and only if all analytic games are determined, e.g. if there is a measurable cardinal. In particular, this implies that (AN, <) is linearly ordered. In [1] , Cenzer and Mauldin proved that under V = L, \AN\ = 2" and there is an uncountable analytic type t with nt ^ mt for n ^ m positive integers. In particular, it was shown that t ^ w£. Using a result of Chuaqui, we will show how this phenomenon excludes the possibility that < linearly orders AN.
Let (X,38) be a measurable space and let ~ be an equivalence relation on 38. A set A G ¿^ is negligible for ~ if there is a pairwise disjoint sequence A1A2 ... in 38 such that A ~ An for each n > 1. Define a relation R on á? by allowing (A, B) e R just in case there is some C e38 with C Ç B and A ~ C. THEOREM ( CHUAQUI). Lei (X,38) be a measurable space and let ~ be a countably additive and refining equivalence relation on 38 such that (1) X is not negligible for ~;
(2) the relation R linearly orders the n equivalence classes. Then there is a unique probability measure p on (X,38) such that INDICATION. This is Theorem 2.11 in [3] . Compare also [4] .
Call a metric space X universally measurable (u.m.) if for each Borel probability measure p on X, there is a cr-compact set S Ç X with p(S) = 1. Note that each such S is a Borel set in its completion. Thus, if S is infinite, and t = t(S), then
Each analytic space is u.m. [5, 8.4.1] . The u.m. subsets of an uncountable Polish space P form a cr-field containing the cr-field generated by the analytic subsets of P. The relation ~ is countably additive and refining. Because t < uit, we have that X is not negligible. This and the fact that sec(i) is linearly ordered allows the application of Chuaqui's theorem.
Thus there is a Borel probability measure p on X such that p(A) -0 if and only if A is negligible. Because X is u.m., there exists an infinite cr-compact S Ç X with p(S) = 1. However, t(S) = ut(S) < t, so that each such S is negligible, a contradiction. Q.E.D.
COROLLARY. Under V = L, the poset (AN, <) is not linearly ordered.
It should be noted that the corollary can be obtained directly from the methods of [1] . In fact, the sets Cd[n] defined on p. 16 of [1] are pairwise incomparable.
